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ABSTRACT 
This paper deals with the algebraic and topological properties of a subset T,, of a 
Banach algebra L, invariant for elements having the same spectrum, at whose points 
the spectral radius function is continuous. It also deals with a smaller subset TV, with 
the same property of invariance, at whose points the spectrum function is continuous 
with respect to the Hausdorff distance. 
INTRODUCTION 
One of my concerns here is to show how the two subsets that are 
mentioned in the abstract are the sets of all elements of the algebra whose 
spectra belong to the two classes introduced in a paper by Murphy [6]. He 
characterizes the families of compact nonempty subsets K of C such that for 
every Banach algebra A and every x E A with spectrum equal to K the 
spectral radius and spectrum functions are continuous at X. One of the results 
obtained by Murphy generalizes a classical theorem of Newburgh [7, III, 
Theorem 31, giving a less restrictive condition for the continuity of the 
spectrum. 
In Sections 1 and 2 of this paper I define, respectively, the sets ~~ and 
rL. Then I characterize their elements and give some other conditions that, as 
the appropriate examples show, are only necessary or sufficient for member- 
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ship in such sets. In addition, in Section 1 I prove that, generally speaking, rL 
is not closed with respect to the square in the algebra L and in Section 2 I 
prove that rL is closed not only with respect to powers, but also with respect 
to holomorphic functions, whereas in general it is not closed with respect to 
the product of the algebra. 
Finally, in Section 3 I study some algebraic and topological properties 
that rrL and rL have in common. In particular, I prove that both are G,-sets. 
In my next paper I intend to focus my attention on the continuity of 
spectrum and spectral radius in the particular case of an algebra of operators 
on a Hilbert space. 
0. PRELIMINARIES 
If L is a Banach algebra, that is, a linear associative algebra on [w or C, 
endowed with a complete norm ]I I] such that ]lxy]l< l]xl] ]lyl] for any 
x, y E L, and, if L has an identity e, l]e]] = 1 (see [8, I, §l]), then for any 
a E L we shall denote the spectrum of a by a(a) and the spectral radius of a 
by r(u). We recall that the peripheral spectrum of a is the set of all points of 
a( a ) whose modulus is equal to r(u) and that a spectral set of a is a subset of 
its spectrum that is both open and closed in the relative topology of a(u). 
If X is a Banach space, for any x E X and for any E > 0 we shall denote 
by Bx(x, E) the set of all points of X whose distance from x is smaller than E; 
if S is a subset of X, we shall denote by Span(S) the subspace of X that is 
generated by S, and with fls the restriction to S of a function f defined 
on X. 
We shall denote the space of linear and continuous operators on X by 
L,_(X) and the identity operator on X by I,; as ambiguity is unlikely, we 
shall indicate with the same symbol I] I] the norm in X and in L,(X). 
By a projection on X we shall mean an operator P E L,(X) such that 
P2 = P. Obviously, Ix - P is a projection too; Im P = Ker(I, - P) (the 
symbol Im will be used to denote both the range of a function and the 
imaginary part of a complex number), so that Im P is closed; and X = Im P@ 
Ker P (where the symbol @ means the algebraic direct sum). 
We recall (see [ 1, Definition 1.31) that a peripherally compact operator on 
X is an operator A E L,(X) such that the peripheral spectrum u of A is a 
spectral set of A, and such that, if E, denotes the projection associated with 
the spectral set u (see [lo, p. 321]), AE, is compact. 
Finally, we recall that if X is a complex infinite-dimensional Hilbert 
space, then for any nonempty compact subset K of the complex plane there 
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exists an A E L,,(X) such that a(A) = K (see [2, 6, Problem 481, where only 
the case of a separable Hilbert space is treated; the general case follows 
immediately). 
1. THE SET ,rrL 
DEFINITION 1.1. If L is a complex Banach algebra, let rL denote the set 
of all points a E L such that any neighborhood of the peripheral spectrum of 
a contains a nonempty spectral set of a. If L = L,(X), where X is a complex 
nonzero Banach space, we shall write, more simply, r(X) instead of +rrLL,(xj. 
Let L be a complex Banach algebra. As Definition 1.1 depends only on 
the topological structure of the spectrum, n, is obviously invariant for 
elements of L having the same spectrum; if L is an algebra with an 
involution, “L is evidently invariant under involution, too (see [8, (4.1.1)]). 
We also remark that +rrL contains all the elements of L whose peripheral 
spectrum contains a nonempty spectral set, and consequently all those whose 
peripheral spectrum contains at least one isolated point. Therefore, if L is 
finite-dimensional, which means that it is a subalgebra of an algebra of finite 
matrices with coefficients in C, then rL coincides with L (see [lo, VII, 2.71); 
if X is a complex nonzero Banach space, then the operators that have the 
peripheral finite-diagonalization property (see [l, 1.2, 2.3 (vi)]), the peripher- 
ally compact operators (see [l, 1.5]), and consequently also the compact ones, 
belong to r(X). Besides, rL contains all topologically nilpotent elements of L 
(see [8, (1.4.3)]), and if L has an identity element, it belongs to TV. 
Nevertheless, the peripheral spectrum of an element of 7rL need not contain 
any nonempty spectral set. The following is an example. 
EXAMPLE 1.2. Let X be a complex infinite-dimensional Hilbert space, 
and let AE L,(X) be such that a(A)= {l}U{n/(n+l)},,N. Evidently, 
the peripheral spectrum of A consists of the single point 1, and { 1) is not a 
spectral set of A, as it is not isolated in a(A). In spite of this, since every 
neighborhood of 1 contains some points of the sequence { n/( n + l)}, EN 
that are isolated in o(A), we have A E r(X). 
DEFINITION 1.3. If L is a complex Banach algebra and a E L, for any 
X E u(a) let C,,(a) denote the component of u(u) that contains X. 
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DEFINITION 1.4. If L is a complex Banach algebra and a E L, let ~(a) 
denote the set of all points h E a( a) such that C,(a) c {p E Q= : IX I< IpI < 
r(a))- 
Here is a characterization of the elements of n,. 
THEOREM 1.5. Let L be a complex Banach algebra, and let a E L. Then 
a E rL iff the closure of q(a) has rwnempty intersection with the peripheral 
spectrum of a. 
Z’roof. Let us prove that if the closure of q(a) has nonempty intersec- 
tion with the peripheral spectrum of a, then a E To. 
Let U be an open subset of Q=, containing the peripheral spectrum of a; 
then u(a) \ U is closed and it has empty intersection with the set { X E Q: : IhI 
= r(a)}. Therefore, if d denotes the distance between a(a) \ U and the set 
above [if a(a) c U we set d = + co], it results that d > 0. 
Since from the hypothesis it follows that there exists at least one point of 
the peripheral spectrum of a that is the limit of a sequence of elements of 
q(a), there exists X E q(a) such that dist(h, {II E C : IpI = r(a)}) < d. Since 
h E q(a), and then C,(a) c {CL E Q:: (Al Q 1~1 =S r(u)}, we have for any P E 
C,(a) that dist(p, {V E Q: : 1~1 = r(a)}) < dist(A, {V E Q: : 1~1 = r(a)}) < d. 
Since d = dist( u( a) \ U, { v E Q= : (VI = r(a)}), consequently C,(a) C U; then, 
as u(a) is a compact Hausdorff space (see [3, 2-4, Theorem 2-15]), there 
exists an open and closed subset u in u(a) such that C,(a) C u C U. Then o 
is a spectral set of a. In addition, since A E C,(a) c u, it follows that u # 0. 
We have thus proved that any neighborhood of the peripheral spectrum of a 
contains a nonempty spectral set of a; hence a E rl_. 
Let us prove now that if a E TV, then the closure of q(a) has nonempty 
intersection with the peripheral spectrum of a. 
Since a E 7r=, for any nEN the neighborhood {X~Q::]h]>r(a)-l/ 
(n + 1)) of the peripheral spectrum of a contains a nonempty spectral set a, 
of a. Then, if A, E a,, is such that ]A,] = min{ IX]: X E u,}, since C,,(a) is 
connected and a,, is open and closed in u(a), it results obviously that 
CAla) C a,, and therefore A, E q(a). Since a( a) is compact, there exist 
h~u(a) and a subsequence (hn,JkEN of (Xn)nEN such that X,,+X as 
k+ +oo. Since ]A,,]>r(a)-l/(n,+l) for any keN, it follows that 
]A] = r(a), and then h belongs to the peripheral spectrum of a, besides 
belonging to the closure of q(a). Th erefore the closure of ‘p(a) has nonempty 
intersection with the peripheral spectrum of a. n 
The following result is an immediate consequence of Theorem 1.5. 
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COROLLARY 1.6. Let L be a complex Banach algebra, and let a E L be 
such that there exists X E a(a) for which C,(a) is contained in the peripheral 
spectrum of a. Then a E 7rL. 
Even though the condition of Corollary 1.6 is more general than those 
that have been given at the beginning of this section (it is satisfied also by the 
operator A of Example 1.2), it is not necessary for membership in TV, as we 
show in the following example. 
EXAMPLE 1.7. Let X be a complex infinite-dimensional Hilbert space, 
let 
x,=-e Zni/(n+ 1) 
n+l 
forany nEN, 
andletA~L,(X)besuchthata(A)=[O,l]~{X,},,,.SinceC,(A)=[O,l] 
andC,~A)={X,}foranyn>,1,clearlycp(A)={X~},,~.Aslim,,+,A, 
= 1 and 1 evidently belongs to the peripheral spectrum of A, the closure of 
q(A) has nonempty intersection with the peripheral spectrum of A. Hence, 
by Theorem 1.5, A E r(X). 
We claim that nevertheless A does not satisfy the condition of Corollary 
1.6. In fact, as it is immediate to remark, 1 is the only element of the 
peripheral spectrum of A, and C,(A) = [0, 11, so that there are no elements of 
a(A) whose component is contained in the peripheral spectrum of A. 
COROLLARY 1.8. Let L be a complex Banuch algebra and let a E ITS. 
Then, if u(a) is connected, it coincides with the peripheral spectrum of a. 
Proof. Suppose that u(a) is connected and that it does not coincide 
with the peripheral spectrum of a; then, if we set r = min{ IX] : X E u(a)}, it 
follows that r <r(a) and [as C,(a) = u(a) for any X E u(a)] q(a) = {A E 
u(a): 1X1= r}. C onsequently, the intersection between the closure of q(a) 
and the peripheral spectrum of a is contained in { X E Q: : Ihl= r } n { A E 
C : IhI= r(a)} =0; then, by Theorem 1.5, a @ +rrL. n 
Let a E L be such that u(a) fl B&O, r(a)) # 0. The disconnectedness of 
u(a) is not a sufficient condition for membership in TV, as the next example 
shows. 
EXAMPLE 1.9. Let X be a complex infinite-dimensional Hilbert space, 
andlet AEL,(X) besuch that u(A)=[-1, -i]U[$,l]; clearly, u(A)n 
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B,(O, r(A)) # 0 and a(A) is not connected. Nevertheless, since q(A) 
=cp( A) = { - 8, i} and the peripheral spectrum consists of the only points 
- 1 and 1 (so that it has empty intersection with q(A)), by Theorem 1.5 we 
have A 4 T(X). 
Let L .be a complex Banach algebra. From [8, (l.S.lO)] it follows 
immediately that if a E To, then ha E r= for any X E C. However, the 
powers of the elements of rL do not always belong to rL (and so, in 
particular, mL is not always closed with respect to the product of the algebra 
L). Here is an example. 
EXAMPLE 1.10. Let X be a complex infinite-dimensional Hilbert space, 
and let A E L,(X) be such that a(A) = { - i} U (pe”‘: p E [O,l], B E [0, ~1). 
Obviously, - i is an isolated point of a(A); furthermore, since a(A) 
c B,(O, l), - i belongs to the peripheral spectrum of A. Then, by what has 
been pointed out at the beginning of this section, A E r(X). Nevertheless, 
we claim that AP does not belong to r(X) for any p > 2. In fact, for any 
p > 2, it results (see [8, (1.6.10)]) that u(Ap)= [u(A)]” = {( - i)p}U 
{P Pep": p E [O,l], 8 E [0, r]} =B,(O, l), and the the peripheral spectrum of 
AP is a&(0,1); thus, since a( AP) is connected and it does not coincide with 
the peripheral spectrum of AP, it follows that AP P r(X), by Corollary 1.8. 
2. THE SET ,rL 
DEFINITION 2.1. If L is a complex Banach algebra, let 7L denote the set 
of all points a E L such that any nonempty open set in the relative topology 
of u(a) contains a nonempty spectral set of a; if L = L,(X), where X is a 
complex nonzero Banach space, we shall write, more simply, 7(X) instead of 
7k(xY 
Let L be a complex Banach algebra. As Definition 2.1 depends only on 
the topological structure of the spectrum, 7L is obviously invariant for 
elements of L having the same spectrum. If L is an algebra with an 
involution, 7t is evidently invariant under involution, too (see [8, (4.1.1)]). It 
must also be pointed out that 7r. c TV and that if a E TV, then ha E 7L for 
any X E 6: (see [8, (l.S.lO)]). Furthermore from Definition 2.1 the following 
characterization of rL is easily deduced. 
THEOREM 2.2. Let L be a complex &much algebra and let a E L. Then 
a E TV iff for any X E a(A) every neighborhood of X contains a nonempty 
spectral set of a. 
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DEFINITION 2.3. If L is a complex Banach algebra and a E L, let $(a) 
denote the set of all points X E a(a) such that C,(a) = { A}. 
Here is another characterization of the elements of rL. 
THEOREM 2.4. Zf L is a complex Banuch algebra and a E L, then a E r,_ 
iff $(a) is dense in a(a). 
Proof. We prove first that if $(a) is dense in a( a) then a E TV. Let U 
be a nonempty open set in the relative topology of a( a). Since #(a) is dense 
in u(a), there exists X E #(a)n U. As C,(a) = {A} c U and u(a) is a 
Hausdorff compact space (see [3, 2-4, Theorem 2-15]), there exists a closed 
and open set u in u(a) such that A E u c U. Thus u is a spectral set of a, 
and it is moreover nonempty and contained in U. We have hence proved that 
any nonempty open set in the relative topology of u(a) contains a nonempty 
spectral set of a; therefore a E rL. 
We prove now that if a E rL, then $(a) is dense in u(a). Let U be a 
nonempty open set in the relative topology of u(a). Since a E TV, there exists 
a nonempty spectral set a,, of a such that a, c U. We fix X, E a,, and then, 
starting from h, and a,, we define, by induction on n, a sequence of 
complex numbers (A,), EN and a sequence (a,), E N of spectral sets of a, 
such that X, E a, for any n E N, in the following way: For any n E N, 
assume that an is a spectral set of a and that X, E u,. Then a,, I? B,(X,, l/( n 
+ 1)) is a nonempty open set in u(a), and thus, since a E rL, a, n 
Bc(k,, I/(n + I)) contains a nonempty spectral set a,,, 1 of a, so that we can 
fix x n+lE%+l. 
Obviously, a, + r c (I, for any n E N, and diamu,, < 2/n for any n > 1. 
Therefore diam(f7, E Nu,,) = 0, and moreover, as u(a) is compact (and thus 
has the finite-intersection property) and u,, is closed for any n E N, we have 
n n E Nun # 0. Consequently, there exists X E u(a) such that { A } = fl, E Nu, 
c U; since a, is open and closed in u(a) for any n E N, it results that 
C,(a) = (h}, and then h E Jl(a)f’U. 
We have thus proved that any nonempty open set in the relative topology 
of u(a) contains elements of $(a); therefore #(a) is dense in u(a). n 
COROLLARY 2.5. Suppose that L is a cumpbx Banach algebra and that 
a E rL. Then any connected open set in the relative topology of u(a) consists 
at most of a single point. 
Proof. Suppose that there exists an open connected set U in the relative 
topology of u(a) that contains at least two points. Since U is connected, it 
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follows that C,(a) 2 U for any X E U, and then C,(a) contains at least two 
points [so that X G $(a)] f or any X E U. Consequently, $(a) c a(u) \ U, and 
then, since U is nonempty and open in o(u), $(a) is not dense in o(u). 
Therefore, by Theorem 2.4, a P TV. n 
The following result is an immediate consequence of Corollary 2.5. 
COROLLARY 2.6. Suppose that L is a complex Bunuch algebra and that 
a E TV. Then, if a(u) is connected, it consists of a single point. 
Here is another consequence of Corollary 2.5. 
COROLLARY 2.7. If L is a complex Bunuch algebra and a E TV, then 
8(u) =0. 
Proof. Since for any h E C and 6 > 0 the ball B&A, 8) is a connected 
open set consisting of more than a single point, and since a E TV, from 
Corollary 2.5 it follows immediately that a(u) does not contain any ball of C, 
and thus 6(u) = 0. n 
The condition of Corollary 2.5 however, is not sufficient for membership 
in 7L, as the next example shows. 
EXAMPLE 2.8. Let X be a complex infinite-dimensional Hilbert space, 
let T be a perfect (which means coinciding with the set of its cluster points) 
and totally disconnected subset of [0, l] ( as , f or instance, the Cantor set; see 
[9, 8.20(b)]), and let A E L,(X) be such that u(A) = {A E C : 1x1 E T }. We 
prove that any nonempty open set in the relative topology of u(A) is 
disconnected. 
Let U be a nonempty open set in the relative topology of a( A). Then, if 
A E U (so that JX] ET), there exists S > 0 such that u(A)n B&X,6) c U. 
Since T is perfect, there exists p E T n(lXI - &lhl+ 8) such that p # ]hJ; 
then, if 0 E [0,27r) is such that X = ]h]e”, it follows that pe” E u(A) 
(because PET) and ]pe”‘-X]=]p-IX]]<& so that pe”‘Eu(A)n 
B&h, 6) c U. The subset { 1~1: p E U} of T, containing two distinct points p 
and IX 1, is disconnected, because T is totally disconnected; consequently, as 
the function I I is continuous, U is disconnected, too. 
A satisfies the condition of Corollary 2.5; we prove that nevertheless 
A @ 7(X). Since T is perfect, it doesn’t consist of a single point, so that 
T \{O} +0, and then r(A)=max T >O. Since for any ~EU(A)\{O} 
obviously aB,(O, lhl) c u(A), and then C,(u) 3 aB,(O, [Xl), it results that 
+(A) c {O}. Therefore $(A) is not dense in u(A), so that A P 7(X) by 
Theorem 2.4. 
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We are now going to give another two corollaries of Theorem 2.4, which 
provide sufficient conditions for membership in rl,. The following result is an 
immediate consequence of Theorem 2.4. 
COROLLARY 2.9. Let L be a complex Banach algebra, and let a E L be 
such that a( A) is totally disconnected. Then a E rIA. 
COROLLARY 2.10. Let L be a complex Banach algebra, and let a E L be 
such that a(a) is at most countable. Then a E TV. 
Proof. Since any at most countable subset of a metric space is totally 
disconnected (see [4, III, 14.101) u(a) is totally disconnected, and then, by 
Corollary 2.9, a E rt. W 
The total disconnectedness of the spectrum, however, is not a necessary 
condition for membership in rL, as the next example shows. 
EXAMPLE 2.11. Let { q,},EN be the set of all rational numbers belong- 
ing to [O,l]. The set S = { 4, + i/(n + 1))” EN is discrete. In fact, defining 
.sO = + cc and E, = l/n for any positive integer n, we see that 4, + i/(n + l), 
for any n E N, is the only point of S that is contained in the open strip 
{ X E C : l/( n + 2) < Im X < E, }. In addition, the set of all cluster points of S 
obviously coincides with [0, 11; therefore S = S U [0, 13. Let X be a complex 
infinite-dimensional Hilbert space, and let A E L,(X) be such that u(A) = S. 
Clearly a( A) is not totally disconnected, as it contains the connected set 
[O,l]. However, we prove that A E r(X). In fact, since [0, l] is the set of all 
cluster points of S, any nonempty open set in the relative topology of u(A) 
has nonempty intersection with S. Furthermore, as S is discrete, its points are 
open and closed in S = a( A), and then they are spectral sets of A. Therefore, 
since any nonempty open set in the relative topology of u(A) contains a 
nonempty spectral set of A, it follows that A E r(X). 
Let L be a complex finite-dimensional Banach algebra, which means a 
subalgebra of an algebra of finite matrices with coefficients in C. It follows 
from Corollary 2.10 that rL coincides with L (see [lo, VII, 2.71). Let X be a 
complex nonzero Banach space. From Corollary 2.10 it follows immediately 
that, in particular, T( X ) contains all compact operators. However, a peripher- 
ally compact operator need not belong to r(X), as the next example shows. 
EXAMPLE 2.12. Let X be a complex infinite-dimensional Hilbert space, 
and let P E L,(X) be a projection such that dimIm P = 1. Clearly P is 
compact, and also KerP is a complex infinitedimensional Hilbert space. 
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If T E LJKerP) is such that o(T) =B,(O, i), we define A = P + T(Z, - 
P) [ E L,(X)]; since both Im P and Ker P are invariant under A and 
T(Z,- P), it results (see [lo, V, 5.41) that u(A)=u(AJ,,,)uu(A]~~,,)= 
u(Z,,,)Uu(T)= {l}UBc(O,~) and u(T(Z,-P))= {0}Uu(T)=&(0,~). 
Consequently, r(A) = 1 and r( T( I, - P )) = i, so that A is peripherally 
compact (see [l, 1.5(iv)]). Nevertheless, by Corollary 2.7, A CL T(X), as 
6(A)=B,(O,+)#0. 
Let L be a Banach algebra, let a be an element of L, and let f be a 
holomorphic complex-valued function, defined on an open neighborhood A of 
u(a). If L has an identity element e and if D is an open bounded set such 
that u(a) c D c B c A, D has a finite number of components and a D is 
composed of a finite positive number of simple closed rectifiable curves, no 
two of which intersect, then we recall that the integral f(a) = 
W(2411+aDf(~)(~e - a)F’dh ( w h ere + aD signifies the positively ori- 
ented boundary of D) is well defined, and it does not depend on the 
particular choice of D. 
If L is an algebra without identity, f(a) can be nevertheless defined in 
the algebra z obtained by canonical adjunction of an identity to L. It is easy 
to verify that f(a) E L iff f(0) = 0. 
We also recall that, in both cases, the following important property is 
satisfied: a( f( a)) = f( a( a)) (see [ 10, VII, 5.51). 
THEOREM 2.13. Zf L is a complex Bunuch algebra, a E rL, and f is a 
complex-uulued function, holonwrphic on an open neighborhood A of u(u) 
and such that f(0) = 0 if L is without identity, then f(u) E rr,. 
Proof. As u(u) is compact, only a finite number of components of A 
have nonempty intersection with u(u). Then, since f’ is holomorphic and 
any closed discrete subset of Q= intersects u(u) at most in a finite number of 
points, if we define 2 = {X E u(u) : f’(A) = 0}, it results that f(Z) consists 
of at most a finite number of points (see [9, lO.lS]). 
Let U be an open subset of Q= whose intersection with a( f(u)) is 
nonempty. If U n a( f(u)) c f(Z), then U n u( f( a)) consists only of a finite 
number of points, which are therefore isolated, so that U n 1c/( f u)) # 0. 
If, on the contrary, there exists X, E U n a( f(u)) such that X, @ f(Z), 
then f’(A) # 0 for any h E u(u)n f-‘({ A,}), and consequently, by [9, 
10.181, f-‘({&,})n~(u) consists of a finite positive number of points 
A i,. . . , A,. Furthermore (see [9, 10.34]), th ere exists an open neighborhood U, 
of X0, contained in U, and a family {Vi} j=l ,,,,, n of open sets such that, for 
any j=l,..., n, Uj is a neighborhood of X j and 6: Uj + U, [where 4(X) = 
f(X) for any h E Vi] is a homeomorphism. 
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As a( a) \ (Us_ ,Uj) is compact, f( u( a) \ [ Uy= ,UJ is compact, too. Since 
f-‘({ X,}) n u(a) = { iI,, . . . , h,} C Ul=1Uj, we have A, E ~(u(u) \ 
[uJ=,U,]), so that there exists 6 > 0 such that %,(A,, 8) c U, and %,(A,, 8) 
n f( a( a) \ [lJ y= iUj 1) = 0 . For any j = 1,. . . , n, since fj- ’ is continuous, 
fj-i(%c(Xo, 8)) is compact, so that, if we define ui = f(a(a) n 
fj- ‘(I&( A,, a)), it results that uj is also compact. 
We can define a family {V, j k= i., ,,, n of nonempty open subsets of 
B&X,, 6) in the following way. We put V, = %,(A,, 6). For any k = 1,. . . , 
n - 1, let V, be an open subset of %c(A,,6). Then, if Vkn uk+l c V, n 
(Ug_ luj), we define V,, 1 = V,; if, on the contrary, there exists X E V, n uk+ I 
such that X E U~=pj, then as Uizluj is compact, we can fix an open 
neighborhood V, + i of A, contained in %,(X n, 8) and such that V,, 1 n 
(Ui_,uj) = 0. It is not difficult to verify that V,> c %,(A,, S), V,, n(lJ)=,aj) 
+0,andthereexists kE{l,...,n}suchthatV,,nak=V,~(U~=,aj).Then 
=v,n ij aj =V, n uk 
i 1 j=1 
= f&(4 n f;VJ). 
Since V, n uk f 0, the set a( a) n fc ‘(V,) is nonempty too, and then, as 
a E rL, by Theorem 2.4 there exists p E $(a)n f; ‘(V,}. Since fk is a 
homeomorphism, so that also fk(o~a~nf~~~v,~ is a homeomorphism between 
o(a)n fkA1(Vn) and a(f(a))n V,, it follows that f(p) = fk(p) E $(f(a)>n V, 
c $(f(a))n U. We have thus proved that $(f(a)) is dense in u(f(u)). 
Therefore, by Theorem 2.4, f(u) E rr,. n 
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From Theorem 2.13 it follows, in particular, that rL, unlike TV, is closed 
with respect to whole positive powers; however, the product of two elements 
of rL does not always belong to rL, as the next example shows. 
EZCAMPLE 2.14. Let f be a mapping of IY onto (Q n [0, 11) \ {l/2”}, EN. 
Then, if we define 9an = l/2” and 9s,,+ r = f(n) for any n E t+4, it results 
obviously that { 9, } n E N = Q n [0, 11. 
Let us consider the complex Hilbert space 2, and the operator 
where [if ( , ) denotes the scalar product in 1, and { e, }” EN denotes the 
canonical basis of Z,, that is, e, = (Gnk)keWI for any n E N] 
Sx = ‘c” 9,(x,e,)e,+r forany xE1,. 
n=O 
Since S is a weighted shift, it results (see [2, 10, Solution 771) that’ 
r-I 9 
j~(h~(O,...,2k):n+hE2N) 
n+j 
I-I 
($)(a+ j)/2 
jE{hE(0,...,2k):n+h~PN] 
1/(2k + 1) 
i I 
and then in particular S E 7(/s). 
‘The symbol [n/2] here denotes the greatest integer that is less than or equal to n/2 
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Clearly, if S* denotes the adjoint of S, it results that S*X = 
C,+-%9,(r, en+1 )e,, for any x E 1,. Since r(S*) = r(S) (see [8, (4.12)]), S* also 
is topologically nilpotent and thus it belongs to $/a). 
Nevertheless, we prove that S*S P ~(2~). In fact, it is easily verified that 
S *Sx = C,+,%qi(x, e,)e, for any x E 1,. Si&*S is diagonal, it follows (see 
[2, Section 6, Problem 481) that a( S *S) = { 9: } n E N. Consequently, as the set 
of all squares of rational numbers in [0, l] is dense in [0, l] (for any r E [0, l] 
there exists a subsequence (qn,.Jk E N of (Q,,)~ ER1 such that 9,, +k _ + m &, 
and therefore 9zk + k _ + o. r), we have a(S*S) = [O,l]. Then S*S P r(ZJ, 
since a(S*S) is connected and it contains more than a single point (see 
Corollary 2.6). 
3. ALGEBRAIC AND TOPOLOGICAL PROPERTIES 
In this section we shall be concerned with algebraic and topological 
properties of rL and rL. 
The next example shows that n, and rL are not always vector subspaces 
of L. 
EXAMPLE 3.1. As in Example 2.14, let { e,, },, E N denote the canonical 
basis of the complex Hilbert space I,, and let ( , ) denote the scalar product 
in I,. We define three linear and continuous operators A,, A, and A on I, in 
the following way: 
+CC 
A0x = C (vZn)e2n+ly 
n=O 
AG = C (x9 e2n-l)e2n, 
n=l 
+CO 
Ax= C (x,en)en+l 
n=O 
for any x E 1,. 
Obviously, A = A, + A, and A: = At = 0, so that in particular r(A,) = 
r(A,) = 0, and then A, and A, belong to ~(1s) (and, consequently, they 
belong to ?r(Z,), too). Nevertheless, since a(A) =Bc(O, 1) (see [2, Section 9, 
Solution 67]), SO that u(A) is connected and doesn’t coincide with the 
peripheral spectrum of A, from Corollary 1.8 it follows that A g n(Z,) [so 
that, in particular, A g T( Z,)]. 
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If E is a nonempty set, let Z,(E) denote the space of all bounded 
complex-valued functions on E, endowed with the supremum norm. Z,(E) is 
a commutative Banach algebra with respect to pointwise operations and it 
obviously coincides with the algebra of all bounded continuous complex-val- 
ued functions on E if we supply E with the discrete topology. We recall that 
a(f) = Im ffor any f E Z,(E) (see [8, (3.1.6.) and (3.2.10)]). 
THEOREM 3.2. Let E be a rwnempty set. Then rlmCEj is dense in Z,(E). 
Proof. Let f belong to Z,(E). Since Im f is relatively compact, for any 
positive integer n there exists a positive integer ZV( n) and pp), . . . , p(,;,,,, E 
Im f such that Im f c UyI;‘B,(pj”), l/n); there exists then a function f, : E 
-+{PY’ ,...,p(N;),,)} such that If,(e)-f(e)]<l/n for any eEE. For any 
positive integer n, as a( f,) = Im f, C { py), . . . , PI;;),)}, from Corollary 2.10 it 
follows that f, E rl_(sj. 
Since ]]f, - f]] = supeEEJfn(e) - f(e)] < l/n for any 12, it also follows 
that f,-+fas n++co;thenfErl (x) 
Therefore rl (s) is dense in Z,(E): n m 
COROLLARY 3.3. Let E be an infinite set. Then rnlmCEj and rlmCEj are not 
closed subsets of Z,(E). 
proof. Since E is infinite, there exists a function f: E + [0, 11 such that 
Im f is dense in [O,l]. Obviously f E Z,(E), and so a(f) = Im f= [0, 11. 
Since e(f) is connected and it does not coincide with the peripheral 
spectrum of f (that consists of the single point l), from Corollary 1.6 it 
follows that f e ml,(E) (and then f ~6 TV_). 
Nevertheless, from Theorem 3.2 it follows that there exists a sequence of 
functions belonging to rl,(sj (and thus, in particular, also to mlmcE,) that 
converges to fi therefore neither am, nor r1,(Ej is a closed subset of Z,(E). 
Let X be a complex infinitedimensional Hilbert space, let E be an 
orthonormal basis of X, and let DE(X) denote the set of all operators in 
L,(X) that are diagonal with respect to E. It is easy to see that DE(X) is a 
closed subalgebra of L,(X) (and h ence a Banach algebra), containing the 
identity and all the inverses of its invertible elements, so that for any 
A E DE(X) the spectrum of A in DE(X) coincides with its spectrum in 
L,(X). Therefore, in particular, in, = r(X)n DE(X) and roEcxj = r(X)n 
DE(X). Since, as it is not difficult to verify, DE(X) is isomorphic with Z,(E), 
from Theorem 3.2 and Corollary 3.3 it follows that r(X) n DE(X) is dense in 
DE(X) and neither r(X) nor T(X) is a closed subset of L,(X). 
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So far, we have shown that rL and rL are not always closed subsets of the 
algebra L. Now we are going to show that 7rL and rL are not always open 
subsets of L. 
THEOREM 3.4. Let X be a complex infinitedimensional Hilbert space. 
Then Span({Zx})CL,(X)\r(X). 
Proof Suppose that X E C; we prove that XI, EL,(X) \ r(X). 
If A E L,(X) is such that a(A) =Bc(O,l), then XI, +(l/n)A + XI, as 
n + + cc. Furthermore, for any positive integer n, from [8, (l.S.lO)] it 
follows that 
Consequently, since &(0,1/n) is connected and it doesn’t coincide with the 
peripheral spectrum a&(0,1/n), by Corollary 1.8 we have AZ, + (l/n)A E 
m(X). Therefore XI, EL,(X) \ 7f( X). n 
We remark that, if X is a complex infinitedimensional Hilbert space, 
L,( X> \ n(X) contains also all operators that have the peripheral finite- 
diagonalization property (see [l, 1.1, and 1.21) and are such that all 
eigenspaces corresponding to the elements of peripheral spectrum are in- 
finite-dimensional (the proof is analogous to the one of Theorem 3.4). 
COROLWY 3.5. Let X be a complex infinitedimensional Hilbert space. 
Then n(X) and T(X) are not open subsets of L,(X). 
Proof. Since I, E r(X) and r(X) c r(X), the thesis follows immediately 
from Theorem 3.4. n 
Yet it can be proved (see [l, 1.101) that if X is a complex nonzero Banach 
space, the set of ah peripherally compact operators that have positive spectral 
radius in L,(X) is open. Then, since peripherally compact operators belong 
to m(X), we have #(X)#0. 
We shall now prove that rL and rL are G,-sets. We recall that, if L is a 
Banach algebra, a E L, a is a nonempty spectral set of a, and U is an open 
neighborhood of (Y, then there exists 6 > 0 such that Ila - bll < d implies that 
U contains a component of u(b) (see [7, III, Lemma 31 and [6, Section 1, 
Theorem 3]), and consequently (see [3, 2-4, Theorem 2-151) also a nonempty 
spectral set of b. 
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DEFINITION 3.6. Let L be a complex Banach algebra. For any E > 0, let 
VP) denote the set of all points a E L such that C \Bc(O, r(u) - E) contains 
a nonempty spectral set of a. 
LEMMA 3.7. Let L be a complex Banach algebra. Then, for any E > 0, 
~2) is an open subset of L. 
Proof. Suppose that a TP); then C \ B, (0, T( a ) - E) contains a non- 
empty spectral set (Y of a. Since (Y is compact, there exists E,, E (0, E) 
such that min{ 1x1: X E a} > r(a) - Ed [which means that (Y c C 
\B,(O,r(a) - ~)l; since spectral radius is an upper semicontinuous func- 
tion on L (see [8, (l.S.lS)]), there exists Se > 0 such that r(b) < r(a) + E - .Q 
for any b E BL( a, 8,). Therefore, for any b E B,(a, 6,) it results that r(b) - 
&<~+(a)-E,, and then C\BC(O,r(a)-~O)~C\BC(O,r(b)-~). Since 
Q= \Bc(O, r(a) - ee) is an open neighborhood of (Y, there exists 6 E (0,6,) 
such that 43 \ B,.(O, T(U) - q,) contains a nonempty spectral set of b for any 
bE B,(a,6); hence C\B,(O,r(b)- ) e contains a nonempty spectral set of 
b for any b E B,(a, a), so that B,(a, 6) c ~2). 
We have thus proved that TF) is an open subset of L. n 
THEOREM 3.8. Let L be a complex Banuch algebra. Then TT~ is a Gs-set. 
Proof. Let us first remark that T= c fI~ZIv~l/n). Moreover, for any 
a E n;:lTyn) and for any positive integer k, C \ B,(O, ~(a) - l/k) con- 
tains a nonempty spectral set of a and, consequently, a component of a(a), 
so that there exists A, E q(a) such that r(u) - l/k < IX,1 < r(u). Therefore 
the closure of q(a) has nonempty intersection with the peripheral spectrum 
of a, and then a E “L by Theorem 1.5. We have thus proved that 7rL = 
n~_ml~~l/n). Therefore, the thesis is now an immediate consequence of 
Lemma 3.7. I 
DEFINITION 3.9. Let L be a complex Banach algebra. For any E > 0, let 
rp) denote the set of all points a E L such that B&X, E) contains a nonempty 
spectral set of a for any h E u(u). 
LEMMA 3.10. Let L be a complex Banach algebra. Then, for any E > 0, 
72) is an open subset of L. 
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Proof. Let a E L and suppose that a 4 +p’. We prove that a 4 rf). 
Since a 4 +F’, there exists a sequence (a ,,), E N of elements of L such 
that a,+a as n-++cc and a,Prp) for any nEN; for any nEN, as 
an @ rp), there exists A, E a(a ,,) such that Bc( A,, E) does not contain any 
nonempty spectral set of a,. Because of the upper semicontinuity of the 
spectrum (see [8, (l.S.lS)]), U n E Nu(a,) is bounded, so that we can suppose 
that (A ,), E M converges to X E C; since dist(A, u(a)) q IX - A,(+ 
dist(X,, u(a)) < IX - X,(+sup ,EoI(afljdist(p, u(a)) + 0 as n + + 00 (see [8, 
(1.6.16)]), it follows that X E u(a). 
Suppose that a is a spectral set of a, contained in &( A, E). Then, since a: 
is compact, there exists ~a E (0, E) such that a c &(A, Q). Let no E N be 
such that ]A,--A]<&--&,, for any n>, n,,; then, for any ~EB~(A,Q), it 
results that ]p - A,] Q ]I” - A]+ ]A - A,] <&a +(E- ee) = E for any n >, no, so 
that &(A, ~a) c &.(A,, E) for any n > no. Since &(A,, E) does not contain 
any nonempty spectral set of a,, for any n E N and .Q < E, it necessarily 
results that (Y = 0. We have thus proved that &.(A, E) does not contain any 
nonempty spectral set of a, which means that a P up). 
Therefore 72) = ?p), so that +rp) is an open subset of L. n 
THEOREM 3.11. Let L be a complex Banach algebra. Then rL is a G&-set. 
Proof. From Theorem 2.2 it easily follows that 7L = fi~~ir~r/“‘; the 
thesis is therefore now an immediate consequence of Lemma 3.10. n 
We have proved that rccEj and ?T~ (Ej are dense in Z,(E) for any 
nonempty set E (see Theorem 3.2). Thismproperty cannot be extended to a 
generic Banach algebra, as we are going to show. 
THEOREM 3.12. Zf X is a rwnempty connected topological space and 
C(X) denotes the algebra of all bounded continuous complex-valued func- 
tions on X, then rccxj coincides with the set x(X) of all constant functions 
on X, ad q(x) coincides with the set p(X) of all functions in C(X) whose 
modulus is constant. 
Proof. It is easy to verify that u(f) = Im f for any f E C(X); from this 
characterization of the spectrum it follows immediately that x(X) c rc.xj 
and PL(X)CQ~). 
Conversely,or any f E C(X), Im f is connected, as X is connected, so 
that u(f) = Im f is connected too. From Corollary 1.8 and Corollary 2.6 it 
follows therefore that rccxj C p(X) and rc(xj C x(X). 
We have thus proved that rctxj = x(X) and nc(xj = p(X). n 
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Since p(X) is obviously closed, and if C(X) does not coincide with X(X), 
it does not coincide with p(X) either, from Theorem 3.12 it follows that rr, 
and rr. are not always dense in L. If, for instance, the topology on X is such 
that x(X) # C(X), then rccx) and rccx) are proper closed subsets of C( X ). 
Let L be a complex Banach algebra. We remark that from [6, Section 2, 
Proposition l] and from Theorem 1.5 it easily follows that the spectral radius 
function r : L + R is continuous at every point of 7rL. In addition, if Kc 
denotes the set of all compact nonempty subsets of C, endowed with the 
Hausdorff metric (see [5, 8 15, VII]), f rom [6, Section 2, Proposition 21 and 
from Theorem 2.4 it follows immediately that the spectrum function e: L + 
II6 c is continuous at every point of rL. 
However, we can point out that membership in nL and rL are only 
sufficient conditions for the continuity of the spectral radius and the spec- 
trum, respectively. In fact, if X is a nonempty connected topological space 
such that C(X) f X(X), it results that rctxj and rcc(xj do not coincide with 
C(X), as we remarked above, but the function u (and consequently also r) is 
continuous at every point of C(X), since C(X) is commutative (see [8, 
(1.6.17)]). 
Finally, we can remark that r and o are not always uniformly continuous 
on TV and rL, respectively, as the next example shows. 
EXAMPLE 3.13. Let us consider the complex Banach algebra M,(C) of 
all 2 X2 matrices with complex coefficients. Since the spectrum of any 
element of Ms(Q=) consists of at most two points, it follows that rMzccj = 
rMzccj = M,(c). Nevertheless, the spectral radius function (and thus, in par- 
ticular, the spectrum function) is not uniformly continuous on M,(C): in fact, 
if for any positive integer n we define 
and B, = 
if follows that 
0 0 
r(4) =O, r(B,,) = 1, and B,-A,= 10 
n 
for any n, and then ]lB, - A,11 = l/ n+O as n++ca, whereas Ir(B,,)- 
r(A,)I = 1 for any n. 
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